The e-commerce revolution has raised awareness about the need for more efficient order fulfillment systems. Our research provides a design aid for companies engaged in order fulfillment system design, emphasizing the decision of whether or not to automate the sorting process. We have developed a descriptive model for this problem based on demand levels, labor rates, order sizes, and other factors. This model is incorporated into a simple cost-based optimization model to recommend a solution. To demonstrate the performance of the recommended system with stochastic factors, we have simulated the output of our model for several test problems. In the event that the model recommends a manual sorting system, we have provided an analytical model to aid in the design and operation of such systems by determining the optimal batching level.
Introduction
More emphasis is being placed on product delivery with the explosion of e-tailing and retail stores that require smaller shipments to be made more frequently. In some cases, product delivery performance can be improved with technology, namely in the form of automated sortation systems, for e-tailers (e.g., Amazon.com), catalog distributors (e.g., J. Crew), and retailers (e.g., Wal-Mart). However, before employing such technology, the companies involved need to study whether the technology can be justified.
Technologically advanced automated sortation systems are large and expensive, which justifies the need for careful analysis. The company must first consider the feasibility of the system with respect to throughput. The size of the required system, as well as the number of employees needed to operate the system, must also be considered. This requirement can help determine if automated sortation will be more cost effective than manual sortation (Forger, 1993) . Operational decisions such as the length of a wave must also be answered. The purpose of this research is to provide a method to answer these important questions regarding the selection of a sortation system. In this analysis, economic factors as well as the throughput of the system will be considered. * Corresponding author
Manual and automated sorting systems
The typical flow in a distribution center is shown in Fig. 1 . This figure provides an overview of how product flows from receiving to storage (either reserve and/or forward areas). The items for the orders are then picked, sorted, and packed, where the sorting operation can be manual or automated. Figure 2 presents a diagram of a manual sortation system. All the items for a set of orders arrive on a conveyor from one of the picking areas (usually in totes). The tote is then delivered to one of the packing stations. A worker (called a packer) then removes the items from the tote and sorts the orders into individual customer cases. The cases are then readied for shipment and sealed, with the packer sending the case to the shipping area. A key operational point in a manual sorting system is that all items for an order arrive together to the sorting area, although they are typically co-mingled with the items of other orders (hence, sorting is performed in addition to packing by the packer in a manual system). Figure 3 presents a diagram of an automated sortation system. Items from the picking area arrive at an induction area where workers, called inductors, place each item individually onto a moving conveyor (typically a tilt-tray, tilt-slat, or cross-belt sorting conveyor). Items still arrive from the picking area in totes, but the items for an order are typically not together since pickers now pick cases of items 0740-817X C 2003 "IIE" Fig. 1 . A typical distribution center flow (after Tompkins and White (1984) ).
based on the demand for all orders. This batching allows for maximized efficiency of the pickers in an automated sorting system. After the items are inducted, they are then conveyed under a scanner that reads the bar-code label on each item. A computerized system then determines which destination bay (associated with a packing station) requires the item. This allows the items to be automatically sorted to individual orders. Since the sorter performs the sorting, the packers now only have to pack individual orders. The major differences between the two systems are the reduced amount of labor required in the picking areas associated with an automated sortation system (due to relationships we discuss next), but at the cost of the sorter, induction station(s), and inductors. (Note that there are some systems that use mechanized induction instead of human inductors; we assume human inductors are used and attempt to point out where this assumption would require changes in our model.) 3 . An automated sortation system (after Johnson (1998) ).
Problem statement
The purpose of this research is to provide assistance for a critical decision in an order fulfillment system: determining whether or not the sorting system should be automated. To do so, two perspectives, minimizing cost (our objective) and meeting throughput (our constraint) must be considered.
As discussed in more detail later, batch sizes in the picking area can be larger in automated systems, which leads to a decrease in the amount of labor in an automated system. The labor savings may or may not be enough to justify the hardware cost of the sorter. An average tilt-tray sorter can have a total cost between $250 000 and $1000 000 depending on the number of chutes, pack stations, and induction stations. Pack station variable costs for manual and automated systems are also quite different. A pack station for a manual system includes a basic table and any accessories needed to hold boxes, tape, and other items used in the packing operation. However, pack station variable costs in an automated system include all of this plus the cost of the chutes leading from the sorter trays to the packing tables and some accounting for the increased square footage and trays required on the sorter for each additional output chute (since the number of output chutes determines the overall size of the sorter). In addition, if human inductors are used with the automated sorter, the inductor labor is an added expense in comparison to a manual system.
In the following section, we provide a summary of our literature search on the major topics of importance when designing an order fulfillment system: order-batching and sorting. We then provide a description of the major tradeoff present in considering automated and manual sortation systems in Section 4. In Section 5 we then present our descriptive and prescriptive model for these systems, which are used to specify the choice between an automated or manual system. In our descriptive model we utilize the strategies in order-picking from De Koster et al., 1999 and the split-case sorting results from Johnson and Meller, 2002 . In Section 6 we discuss a sensitivity analysis that we performed, as well as the results from simulating the system prescribed by our prescriptive model. In Section 7 we present a model to determine the optimal batching level in a manual system. Finally, conclusions and future research topics are discussed in Section 8.
Literature review
Our research requires an integrated study of order-picking and sorting. There is a great deal of research on finding optimal or near-optimal order-picking tours (Ratliff and Rosenthal (1983) for low pick densities and Goetschalckx and Ratliff (1988) for dense pick densities), developing best batching policies (De Koster et al., 1999) , and determining storage assignment policies (Jarvis and McDowell, 1991) . In our models presented later, we do not explicitly consider the exact policies employed, but we instead assume that these policies have been set and the outcome is a picking rate for a particular batching level (as will be discussed in more detail later).
For the sorting systems we consider, very little research has been conducted on their design and operation. Past research on general conveyor systems has concentrated on production systems serviced by conveyor systems (for early models, see Muth (1972 Muth ( , 1974 Muth ( , 1977 , El Sayed et al. (1976) , and Proctor et al. (1977) ; see Bastani (1988) for a complete survey on this subject; and see Atmaca (1994) for a recent application to FMS). Likewise, past research on sortation systems has concentrated on general accumulation/sortation systems used to sort boxes of product into the appropriate shipping lanes. Recirculation or conveyor blocking is fundamental in most accumulation sorting systems since the number of orders is greater than the number of shipping lanes and there can also be blocking at the shipping lanes (see Bozer and Sharp (1985) , Bozer et al. (1988) , Meller (1997), and Johnson (1998) for research on such systems).
The sorting system we consider here, one that serves a packing operation (as opposed to a shipping operation), is typically called a split-case sorting system since it sorts the items from an opened (or "split") case into their respective customer orders (as opposed to a shipping sorter that sorts sealed cases). Johnson and Meller (2002) developed an analytical model for split-case sorting systems based on a queueing approximation for the induction process. They considered Side-By-Side (SBS) and SPLit induction station (SPL) configurations, where the former employs multiple inductors at one induction station and the latter employs multiple induction stations in an attempt to increase induction throughput above the speed of the conveyor. Results from Johnson and Meller (2002) , which will be summarized later in the paper, showed that splitting induction stations only increases throughput appreciably with fast inductors (i.e., the conveyor is the bottleneck, not the inductors). They also provided an expression for the throughput with multiple induction stations. We embed the Johnson and Meller (2002) model in our design model as discussed later in Section 5. Meller and Johnson (2000) also considered a similar design problem as the one outlined here, where they developed a preliminary design model for split-case sorting systems. Their model utilizes a mixed-integer program to minimize non-recirculating system costs subject to a throughput constraint and a wave time constraint. Although similar to our research, what we refer to later in the following section as the major trade-off between picking and packing in designing such sorting systems was not considered in their model. Thus, our research develops a design model for sorting systems considering the major trade-off in designing such systems.
Major trade-off relationship
In this section we present our model for the major trade-off in the design of order fulfillment systems (OFS), beginning with our understanding of the theoretical relationship between picking and packing rates as a function of order batching levels. We then validate this relationship with time studies and simulation.
Theoretical efficiency curve
In order to understand the relationship between the two main costs of a system, picking and packing labor, an efficiency curve was developed. An efficiency curve depicts the important relationship between the picking standard rate and the packing standard rate as the order batching level changes. Namely, for a manual sortation system, as the batch size being picked increases, the picking standard will increase, but the packing standard will also decrease. For instance, if the pickers pick individual orders, instead of batches, the packers have nothing to sort through, and therefore their packing standard is very high. However, if a large batch is picked from zones, the pickers' efficiencies will increase, but the packers may have many orders' worth of items to sort through before they can begin packing the orders (and thus, their standard will be lower). These data can be determined by time studies of the picking and packing operations independently for various batch sizes. Time studies can also be used to determine whether picker workload can be balanced by assigning the same batch size to each picker (which is an important consideration that we discuss in more detail later).
Another relationship to consider is the effect of changing the wave length. A wave is a period of time in which a group of orders are processed in one area of the OFS (picking, sorting, or packing) before proceeding to the next area in the OFS (typical waves lengths are 20 minutes to 2 hours). Waves are used to balance the workload throughout the OFS and to minimize the dependency of any of the areas on each other. The wave length has an effect on both picking and packing efficiency since longer waves typically lead to higher picking efficiencies (due to intelligent batching methods with more items available to form batches). However, longer wave lengths also lead to increased costs due to more work-in-process, which then requires additional accumulation space before the sorting operation and more storage at the sorting operation. The sorting and packing waves may or may not occur simultaneously for the same reasons. Figure 4 illustrates theoretical efficiency curves for a manual sortation system over a range of wave lengths (towards the bottom of the graph), with shorter wave lengths to the left of longer wave lengths. The points on the curve for a particular wave length represent a change in order-batching in the system. As more orders are batched together, the pickers' efficiency increases, but the packers' efficiency decreases. This is represented in Fig. 4 for the manual system curves as a downward slope along each curve. It is important to also note the relationships between the various curves. As the wave length increases, we can still assign the same number of orders to each packer. Since the number of orders the packer must sort through remains the same, the packing standard will remain the same. However, due to the longer wave, the picker assignments can now be improved, which will improve the picker's efficiency. Thus, it is hypothesized that the efficiency curves for a manual sortation system shift to the right as the wave length increases. Figure 4 also illustrates a theoretical efficiency curve for an automated sortation system over a range of wave lengths (at the top of the graph). In an automated sorting system, the packing standard should remain approximately constant for all levels of picking standards due to the sortation performed by the conveyor as they arrive to the pack stations. Therefore, the largest feasible batch size is given to the picker if an automated system is used (or wave-picking is employed in the distribution center). We also would expect an increase in picking efficiency as the wave length increases for the same reason as with the manual sortation system. Thus, it is hypothesized that the efficiency curve for an automated system is "flat," with the picking standard increasing as the wave length increases.
Validation of theoretical efficiency curve
Although we believe the relationships represented in the theoretical efficiency curves presented in the previous section exist, it is important to examine them in an actual or simulated context to verify the general form and shape of the curves. Time studies were performed by the first author at a cooperating company to determine the effects of batching orders on the processing time for both the picking and manual packing subsystems. In this study, a picker was given a list of orders, which were first picked as single orders. Next, the same orders were broken into batches and picked in zones for batch sizes ranging from two to 20 orders. Each order contained up to 50 stock keeping units (SKUs), assuming only one unit of each SKU. In the packing simulation, 20 small orders (with an average of three items per order) were sorted and packed in batches ranging from one order to 20 orders. The results from the time studies illustrated in Fig. 5 (a and b) verified that as the batch size increases, the total picking time for 20 orders decreases, but the total manual packing time for the same 20 orders increases. The two curves shown in Fig. 5 (a and b) would then be combined to form an efficiency curve as in Fig. 4 .
The time studies conducted provide useful data, but at a high cost. In order to determine the effects of a wider range of batch sizes and different item usage rates in the picking area, simulation was used. Simulation studies were conducted for the picking and automated packing subsystems. The picking simulation was designed to capture the effects of batching on picking efficiency for three different "ABC" inventory curves: 80/20, 60/40, and 50/50, where an 80/20 ABC curve means that 80% of the total demand is generated by only 20% of the items. The ABC curve is important because it determines the number of aisles visited. For example, the 80/20 curve typically requires visiting fewer aisles on average than the 50/50 curve. In the simulation, a single picker is given batches ranging from one order to 150 orders. To ensure an equitable comparison across pickers for a given number of orders, each order contained three items, which is representative of an average order size in a company considering purchasing a highspeed sorter. A pick list of all items to be picked in the batch was generated and the picker then used a traversal strategy to retrieve items on the pick list. The picking time per order was calculated and compared for each batch size, as shown in Fig. 6 (a). The automated packing subsystem was simulated assuming all bins are ready at the beginning of the wave, so no time is spent waiting for bins to become ready to pack (this is typically accomplished in practice by providing two bins at each packing station). The packer simply packs the first bin and then walks to the next bin. In the simulation model, the packer packs an order, then checks the indicator lights to see if any other orders are ready to be packed. If no orders are ready at that time, the packer waits until the next order is ready and then walks to that bin. However, if one or more orders are ready, the packer walks to the closest bin that is ready and packs the order. Figure 6 (b) presents the results from the simulation for the automated packing subsystem. As we can see, the curve is nearly linear, representing an almost constant packing time per order regardless of wave length (represented by the number of bins assigned to a packer).
Forming the efficiency curve from collected data
In an actual application, once all time study data are collected, the data are used to develop the actual efficiency curve. For example, Fig. 5 (a and b) shows picking and packing time study results for one wave length. These would be combined into one efficiency curve and then the time studies would be performed for other wave lengths (if any) of interest. In Fig. 6 (a and b) we show similar data from our simulation results. Note that the batching levels represented in the curves are found through our simulation results, based on the highest batching level that allows the picker to complete their work within the wave length. We then found the batching level where two batches could be completed within the wave length and so on until we found the batch size that allowed for six batches to be completed within the wave length (complete data used to develop the efficiency curves as well as graphs of the results for each time study and simulation can be found in Russell (2001) ). The picking and packing results for a sortation system are combined into one graph representing the efficiency curve for that system. The resulting efficiency curves from our simulation study are shown in Fig. 7 . Note that the efficiency curves for both the manual and automated system have the hypothesized shape.
To summarize, based on time studies and computer simulations, the theoretical efficiency curves developed in Section 4.1 are good predictors for the shape of the actual efficiency curves. We use these relationships in developing our descriptive and prescriptive design models in the following section.
Descriptive and prescriptive design models
The primary goal of this research is to develop a model that will be useful to companies in designing a sortation system for order fulfillment. A company in this position would need to understand the relationships between system variables. We represent these relationships in a descriptive model, discussed thoroughly in Section 5.1. The descriptive model is based on one instance of input data, including the choice of the batching level (which drives the size and cost of the system). Once all data has been provided to the descriptive model, the total annual cost can be calculated for a particular configuration. Doing so for a variety of configurations will allow us to prescribe the least-expensive configuration (including if the sortation system should be manual or automated). We discuss our prescriptive model in Section 5.2.
Descriptive model
In order to understand fundamental relationships between each factor in a sortation system, a descriptive model was developed. This model not only represents relationships within both automated sortation systems and manual sortation systems, but also forms a foundation for a tool for comparison between the systems. A range of parameters is used as input to determine the effects on the system. Parameters include factors such as demand rates, labor rates, fixed and variable costs, order sizes, wave size, and sorter capacity. That is, based on this deterministic input, the number of employees, packing stations, and induction stations required to meet demand will be determined. For each set of parameters, a total annualized system cost will be calculated.
This section discusses the fundamental relationships between each parameter and variable in the system, as well as all assumptions, notation, and calculations performed. Although manual and automated sortation systems are very similar, there are several key differences discussed in the following sections.
Assumptions and prior results
r We assume each model input is deterministic and time independent. Most sortation systems are designed for particular peaks in demand (e.g., yearly, daily, or hourly volumes).
r Each capital cost is annualized using the standard capital recovery factor, A/P, where A is the annual cost given P, the present cost, with an interest rate of i, and n periods (e.g., typically, interest rates vary between 10 and 20% and n varies between 5 and 10 years).
r Wave lengths are the same in all areas of the distribution center (i.e., picking, sorting, and packing).
r The number of items per order is based on an average of N o items per order (typically, N o ∈ [1, 3] represents the correct order of magnitude for many companies concerned with order fulfillment system design).
r The total induction rate, x (in items/minute), is determined by the following equation, where D is the demand (in orders/hour):
(1)
r The maximum throughput in a system with r s induction stations is represented by the following relationship provided by Johnson and Meller (2002) :
where s is the speed of the sortation conveyor. For insight into this expression, consider the case where r s = 2. In the best case, the first inductor can keep up with the conveyor, filling every empty tray, and one-half of the items inducted by the other inductor are delivered to a bin before reaching this inductor (and likewise for those items inducted by this inductor). We also note that both inductors are equivalent, which means that the effective rates of the two inductors are equal. As can be shown algebraically, both inductors can induct at a maximum effective rate of 2/3 times the speed of the conveyor. Therefore, the total induction rate is 4/3 times the speed of the conveyor as shown above. Using this relationship in our model, the minimum number of induction stations can be determined by the following equation:
r In a system with human inductors, the number of inductors required in an automated system, r t , must be calculated (r t = 0 if mechanized induction is used). In many systems with human inductors, a blocking phenomenom amongst the inductors occurs and the model summarized below (from Johnson and Meller (2002) ) is needed to calculate r t . However, in some systems, the workload is equally shared amongst the inductors, and
When upstream inductors may block downstream inductors from time to time, the above calculation for the number of inductors is not valid. However, the model by Johnson and Meller (2002) may be used to compute an upper bound on the number of inductors. For ease of use in our work, we assumed identical stations and constructed Table A1 (in the Appendix) using their geometric model; that is, the induction rate that each inductor can achieve given the blocking by the previous inductors at the same station and other stations. Using Table A1 , the number of stations in the system from (3) is used along with the nominal induction rate as a percentage of the conveyor speed. Using the appropriate row in Table A1, the effective rate of each inductor as a percentage of the conveyor speed can be determined. This percentage is then multiplied by the conveyor speed to determine the actual number of items that can be inducted by each inductor at the station. The number of items is added for the first inductor, then the second inductor, and so on, until the required number of items to be inducted at the station is reached (x/r s ). We have only provided for systems with up to four induction stations with up to four inductors at each station since larger systems are uncommon, but extending Table A1 using the results in Johnson and Meller (2002) is straightforward for other cases.
For example, consider a demand level of D = 3000 orders per hour (or 9000 items per hour when N o = 3), a nominal induction rate, λ, of 90 items per minute, and a conveyor speed of s = 200 trays per minute. The total required induction rate, x, is 150 items per minute (9000/60). Using (3), we determine that one induction station is required (since x ≤ s). With a nominal induction rate of 90 items per minute per inductor, the nominal rate as a percentage of conveyor speed is 45% (90/200). Table A1 shows that with a nominal rate that is 45% of the conveyor speed, the effective rate as a percentage of conveyor speed (200 trays per minute) is 45% for the first inductor, 32.89% for the second inductor, 17.41% for the third inductor, and 4.45% for the fourth inductor. Multiplying these percentages by the conveyor speed yields the effective inducted items per inductor as 90, 65.78, 34.82, and 8.90 items. Now, we can see that in order to reach the requirement of 150 items per minute, the system would require two inductors (r t = 2), which yields an effective total induction rate of 155.78 items per minute.
Notation and additional relationships
The notation presented in Table 1 is used in the descriptive model. We also present example parameter values, which are also the base levels used in the sensitivity analysis discussed later. The descriptive model requires the choice of a batching level and for this example the picking and packing rates are data points from Fig. 7 . The capital costs, as shown below, have already been annualized (e.g., if the actual cost of the sorter is $250 000, the years of service is expected to be five, and the interest rate used is 20%, then A/P = 3.0, which then annualizes the cost of sorter to $83 600 per year). Note that any of the capital costs can include a cost for the extra floor space required for each additional unit. The physical requirements for each system are driven by the total demand, which we assume is given for the peak activity level period. The primary calculations in the descriptive model for the manual system, (5)-(11), are shown in Table 2 , along with the results using the example parameter values. Note that this leads to a system that would employ 47 workers and the sorting area would utilize 25 pack manual pack stations (approximately 1000 square feet).
The additional primary calculations in the descriptive model for the automated system, (11)-(16), are shown in Table 3 , along with the results using the example parameter values. Note that the automated system would employ 33 workers, a sorter with one induction station and 15 packing stations (approximately 1250 square feet).
Prescriptive model
Using the descriptive model presented in (3)-(17) and Table A1 , several combinations can be tested to prescribe a solution. We provide one example of such a prescriptive approach here. For our experiments with the manual system, we considered six wave lengths from 20 minutes to 2 hours and efficiency curves with six levels of orderbatching as discussed previously in Section 4.3. The six wave lengths and six order-batching levels led to 36 total combinations.
The prescriptive model examines the total annual cost for each of these 36 combinations (as shown in Table 4 ). For the automated system, each of the six previously mentioned wave lengths is considered, resulting in six combinations of picking and packing rates for the automated system (as shown in Table 5 ). Note that the previously presented example cost calculations for manual and automated systems result in the total annual system cost on the first line of Tables 4 and 5 .
The prescriptive model compares the total annual system cost for each of the configurations (in our example, 42 total combinations), and recommends the system configuration with the lowest total annual system cost (see Tables 4  and 5 ). With the example parameter values presented previously, this results in a recommendation of an automated system with a 60-minute wave length. Although only one system configuration is recommended, this model allows the user to examine the results for all systems, which is useful in situations where some type of constraint on the system might not allow implementing the recommended system design, or throughput is not met when simulations are run with the recommended system, as described in Section 6.2. In such a case, the user could then examine the remaining solutions for an alternative system design.
Note that from examination of the underlying descriptive model we can state that the total cost of both the manual system and the automated system generally benefit from longer wave lengths since the labor costs decrease as the wave length increases. This might lead to speculation that longer wave lengths will always be optimal. However, in both the manual and automated systems, as the wave length increases, the pack station costs eventually increase beyond the point where increasing the wave length is optimal. Additionally, as discussed earlier, longer wave lengths increase costs due to the number of orders in process. And finally, for the manual system, the choice of batching level, which is dependent on wave length, has a significant impact on the labor costs. This is discussed in more detail in Section 7. 
Sensitivity and simulation testing

Sensitivity analysis
Five main input parameters were tested in an extensive sensitivity analysis of the descriptive model: (i) demand; (ii) labor costs; (iii) pack station costs; (iv) induction rates; and (v) sorter cost (reported in detail in Russell (2001) ). Of these five input parameters, only four proved to be significant in determining whether or not a system should have automated sortation. The parameter that tended to be insignificant was the induction rate since the number of inductors required in a system remains fairly low, even for a system with high demands (although exceptions did occur as noted below). Table 6 presents the anticipated effects of changing each parameter in the system. For example, as the picker cost increases in a manual system, there will be more incentive to either batch at a higher level, increase the wave length, or switch from a manual to automated sorting system since all three changes will reduce the number of pickers.
Our sensitivity analysis (Russell, 2001) showed that varying a single parameter may not change the recommended system configuration, but varying several parameters simultaneously has a significant effect on the system. For example, a demand level of 1100 orders per hour and a high sorter and automated pack station cost ($1000 000 and $20 000, respectively), results in a manual system recommendation for every combination of other parameters we tested. However, at high demand levels, with low sorter costs and low automated pack station costs ($250 000 and $2500, respectively), the automated sortation system is recommended for nearly every combination of other parameters (low labor costs and low induction rates being the exception). However, at the same demand level, a medium pack station cost ($10 000) results in recommendations that vary depending on the induction rate. That is, a high induction rate results in an automated sortation system recommendation, while a low induction rate results in manual sortation.
Since many factors are involved, it is difficult to extend the observations in Table 6 to general statements as to when a manual or automated system will be best. Thus, our model can be used to explore this decision.
Throughput simulation study
After providing the appropriate deterministic input data, the prescriptive model recommends a sortation configuration. This recommendation consists of whether the system is manual or automated, the number of employees, the number of pack stations and induction stations, the picking and packing rates, and the wave length. In practice, before implementing such a recommendation, the system will be simulated to ensure that throughput is met. Thus, we conducted a simulation study for various sets of data.
The throughput simulation study is important for two reasons. On the one hand, the stochastic nature of the order fulfillment process can be modeled more accurately. Since stochastic factors degrade the performance of any system, our deterministic model is susceptible to the effects of stochastic factors. On the other hand, the effects of rounding in the deterministic model can be quantified. In particular, since many design parameters have been rounded to ensure sufficient capacity in the deterministic model, this additional capacity may or may not balance the negative impact of the stochastic factors.
We considered 18 different sets of deterministic data in our prescriptive model, which represented various throughput levels, efficiency curves, cost factors, etc. (Russell, 2001) . The goal in picking these data sets was to ensure that some manual sorting systems were recommended and that some automatic sorting systems were recommended. Additionally, within the systems that utilized an automatic sorting process, we wanted to ensure that systems with both one and two induction stations were recommended. We also made sure to choose data sets that recommended various wave lengths and batch sizes. Note that in our simulation study since waves are used in the OFS, each of our three subsystems (picking, sorting, and packing) may be simulated separately. Finally, we were most concerned about the picking subsystem, so we made sure to choose data sets that would result in that subsystem being the bottleneck (i.e., the highest utilization) in many of the cases. Table 7 summarizes the output from the prescriptive model for the 18 data sets. Note that these data sets are not meant to be representative of average systems in practice, so no general conclusions can be drawn from Table 7 . Our goal was only to provide a diverse set of problems.
We simulated the recommended system for each of the 18 data sets (100 replications). Due to space limitations, we summarize the results of the simulation tests at a high level (for more details, please refer to Russell (2001) ). For each simulation run, we were interested in the time to complete the assigned work for that subsystem, as compared to the wave length (which we term the utilization of the subsystem). When we noted a case where the subsystem completion time exceeded the wave length, we noted whether it exceeded a 5 or 10% allowable buffer. These results are presented in Table 8 . From the results presented in this section, we can see that, for the most part, rounding up the number of pickers, packers, and inductors from the descriptive model counterbalanced the negative aspects of variation. However, we did notice that pickers assigned smaller batches in shorter waves are susceptible to exceeding the wave length. We can see from Table 8 that although picking and packing had almost identical utilizations, the number of systems that exceeded its wave length was much greater for the picking system than for the packing system (i.e., 13 out of 18 picking systems versus four out of 12 packing systems).
As mentioned above, the picking model did not perform as well as we would have liked. Upon further investigation (Russell, 2001) , we found that this was due to the larger variance associated with a small batch in the picking area. In our simulation model, the picking area is a rectangular area with aisles running the longest side of the rectangle. The I/O point is the end of the middle aisle. There are no cross aisles in the DC. There are 50 aisles with 40 locations per aisle, with the location (left-or right-hand side of the aisle) of each item being considered a negligible distance from the center of the aisle. Consider that in such a case a picker may have to travel into many aisles spread throughout the picking area or, alternatively, may only have to travel through a few aisles relatively close together. In our examples, this could be the difference between up to 24 aisles, or as few as one aisle. With a large batch size, however, the variance becomes much smaller since each picker is likely to visit a similar number of aisles. The fact that pickers have a high variance with small batches is true for both manual and automated systems, and, in general, does not make one system more attractive than the other. However, in such a case with high picker variance, the batch size might have to be increased in order to lower the variance, which would increase the number of packers in a manual system. Another solution would be to assign more workers or to provide a buffer within the wave length. Of course, since a manual system typically utilizes more pickers, the potential increase in pickers required for a manual system could be higher than for an automated system. Therefore, the simulation results suggest that the deterministic model appears to be conservative with respect to the benefits it calculates for automated systems in comparison with manual systems.
Finally, the simulation results verified that the descriptive model, which is based on only deterministic data, is very accurate in determining how many inductors are needed to meet throughput in the automated sorting system. This is true for both high and low coefficients of variation on the induction times (Russell, 2001) . However, the induction subsystem utilization is quite low in many cases, especially when only one inductor is needed and the inductor has a much higher capacity than the required demand.
Approximate optimal order-batching model
If the prescriptive model recommends a manual sortation system, we can see that one of the most critical decisions to be made is the batching level for the pickers and packers in the system. Whether the batching level favors the pickers or packers will have a tremendous impact on the total labor, and hence, the total cost of the system. In this section, we present an approximate analytical model to aid in this decision (an expanded discussion of this model can be found in Russell (2001) ).
We have seen from simulation and verification of our theoretical efficiency curve that the relationship between picking and packing efficiencies is nonlinear in general, but nearly linear with most data. Therefore, the following model can be used if it can be estimated as a linear relationship (an example is shown in Fig. 8 ). From this relationship, we can predict the packing rate given a picking rate or vice versa (and both are tied together through a particular batching level). That is, let p i ∈ [p i ,p i ] represent the rate (with associated bounds) for the picking (i = 1) and packing (i = 2) areas. The relationship between the rates in the two areas is expressed as follows:
where m = −(p 2 −p 2 )/(p 1 −p 1 ) and b =p 2 − mp 1 . The objective function, z, represents the number of pickers plus the number of packers in the system. The objective function is illustrated in Fig. 9 for the data from Fig. 8 (D = 4000), and described in general by (19):
Note that we ignore the fact that the number of pickers and packers must be integer in (19) . Examination of (19) leads to the following observation:
Observation 1. Our objective function, represented by (18), is a convex function.
Proof. Please refer to Russell (2001) .
Since the objective function is convex, we know that the minimum exists at the point where the derivative is set equal to zero and solved for p 1 . Doing so and performing additional analysis leads to the following expression for p * 1 , where p * 1 represents the optimal (non-negative) value for p 1 : Fig. 9 . Picking rate as a function of the number of employees.
Result 1.
Note that (20) is for the case where p 1 is only constrained to be greater than zero. However, we know that p 1 must also be between its lower and upper bound,p 1 andp 1 . If we denote the constrained optimal value for p i to be p min i , we can determine p min 1 and p min 2 as follows since (18) is a convex function:
Proof. A complete proof of this result is provided in Russell (2001) .
In all cases, once p min 1 is determined, p min 2 is found by using (18). This analysis is helpful in estimating the optimal picking and packing rates, and therefore, the optimal batching level. For instance, consider a situation where the workers were at an optimal picking and packing rate and then the order-batching methods were improved, therefore increasing the pickers' upper bound. Suppose that this improvement in picking reduces the packers' lower bound by the same amount, since some packers will not be able to keep up at this higher rate (thus, m remains the same). If the current range includes the objective function minimum, found by (20), then this change has no effect. This outcome is somewhat counter-intuitive, which indicates that the model can provide value by evaluating changes in order-batching.
In summary, in the design phase, the approximate analytical model can be used to determine the optimal batching rate without trying all batching level combinations in the prescriptive model. It also may eliminate the need to develop an entire efficiency curve for different ranges of picking and packing rates (if the approximate model is close enough). In addition, in the operational phase, this model provides a tool to determine the effects of batching levels when a new technology or methodology is being considered.
Conclusions and future research
Changes in the way companies do business have led to a need for more efficient order fulfillment systems. Automated sortation is one way to improve the efficiency of such a system, if designed correctly. Trade-offs between picking and packing efficiencies must be clearly understood to do so. In addition, the larger trade-off between the capital costs involved with implementing an automated sorter and the labor savings it will reap must be carefully weighed. Other system parameters such as the wave length, size of the system (in terms of packing and induction stations), and design of the sorter itself (speed of the conveyor, capacity of each pack station, etc.) must also be factored into the decision to implement a sorter. Our research is an attempt to provide a guide in evaluating this decision. Although some relationships are simplified in our model, the prescriptive model developed provides a recommended system design with the lowest total annual cost that meets throughput. Other systems are also evaluated in our descriptive model to allow for a more comprehensive view of the system.
The major trade-off relationships in the descriptive model were verified using time study and simulation data. This provides us with confidence that our model is appropriate in making the decision as to whether manual or automated sortation should be used. We also provided a sensitivity analysis to mimic what a manager may like to examine. Finally, we simulated recommended designs and verified in most cases they were able to meet throughput even though the many stochastic effects were ignored in the descriptive model. However, we did note that systems with high variance in the picking area may require adjustments to the output from the model.
In addition to the results we presented in terms of the decision as to whether or not to automate the sortation system, we have also provided an analytical model to determine the optimal batching level for a manual system given a set of lower and upper bounds for picking and packing. Such a model can be used to evaluate the impact of new technology, management schemes, and worker productivity on the batching level in a distribution center.
Although we believe our model represents one of the most critical trade-offs in the design of order fulfillment centers, we acknowledge the need for future research. Our model determines the best sortation system configuration (with or without automation) given a set of cost and throughput parameters. However, we should also consider constraints concerning the physical size of the sortation system. Many companies have a limited amount of floor space in which to place a sorter, so this constraint can be very important. We also did not incorporate the enhanced operating strategy of pre-sorting as presented in Johnson and Meller (2002) . Doing so would allow for some consideration of peak versus non-peak activity levels in designing the automated sortation system. In general, how to handle peak versus non-peak activity level labor costs is an issue yet to be addressed in our model. Finally, a computational study may be of interest to see if any general design relationships may be developed for such systems. 
